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Conjecture (Gardner-Zvavitch (2010); Nayar-Tkocz (2013))
The inequality

¥a((1 = A)A+AB)" = (1 = M)ya(A) "+ Ayn(B) /"

holds for every symmetric convex set A,B C R" and every A € [0,1],
where ¥, denotes the standard Gaussian measure.
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Conjecture (Gardner-Zvavitch (2010); Nayar-Tkocz (2013))
The inequality

¥a((1 = A)A+AB)" = (1 = M)ya(A) "+ Ayn(B) /"

holds for every symmetric convex set A,B C R" and every A € [0,1],
where ¥, denotes the standard Gaussian measure.

1 K
dya(x) = (2n)”/2e 2dx, xeR"

The conjecture cannot hold for arbitrary set:
— Take A=[0,1], B={b} and let b go to +-co.
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Theorem (Livshyts, M., Nayar, Zvavitch (2015+))
The inequality

¥a((1 = A)A+AB)" = (1 = M)ya(A) "+ Ayn(B) /"

holds when:
@ A, B C R? are symmetric convex sets in the plane,
@ A, B C R” are unconditional convex sets in R".

unconditional: A C R" is unconditional if for every (xi,...,x,) € A and
every (e1,...,€,) € {—1,1}", one has

(€1X1,...,€an) € A
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Il. New isoperimetric inequalities

We deduce the following isoperimetric type inequality:

Theorem (Livshyts, M., Nayar, Zvavitch)

Let A be an unconditional convex set in R" (or a symmetric convex set
inR2). Let r > 0 such that y,(A) = Yn(rB5). Then,

@A)+ [ IxfPdmn() > OB+ [ IxPata(x).

In other words, Euclidean balls minimize the quantity

i (0A)+ [ IxPava(x)

among unconditional convex sets in R” (or symmetric convex sets in
IR2) with prescribed measure.
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LP-Minkowski sum:
Let A,B C R" be convex sets, and let A € [0, 1].

(1=2M)A+AB = {x €R": (x,u) < h;1_p)aas(u), forall u € s™
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LP-Minkowski sum:
Let A,B C R" be convex sets, and let A € [0, 1].

(1=2M)A+AB = {x €R": (x,u) < h;1_p)aas(u), forall u € s™
= {xeR": (x,u) < (1 —A)ha(u) +Ahg(u),Yuec S" '}
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LP-Minkowski sum:
Let A,B C R" be convex sets, and let A € [0, 1].

(1-MA+AB = {x€R": (x,u) <
= {xeR": (x,u) <
= {xeR": (x,u) <

hi- ;L)AMB(U), forall u € S”_1}
(1—=A)ha(u) + Ahp(u),Yu e 8"}
M(ha(u), hs(u)), forall ue 8™}
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LP-Minkowski sum:

(1=AM)A+AB = {x € R": (x,u) < M}(ha(u), h(u)), forall ue "'}

Let us define, for a,b >0, A € [0,1], and p € [—eo, +o9],

Mi(ab) = ((1—N)@+AbP)s if p {—o,0,+e0}
M*_(a,b) = min(a,b)

Mi(a,b) = a b

Mim(a,b) = max(a,b).

Let A,B C R" be convex sets, let A € [0,1], and p € [—oo, 4-0]. We
define their LP-Minkowski sum by

(1—1)-A+ph-B={x €R": (x,u) < M}(ha(u), hg(u)), forall ue S"'}.
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LP-Minkowski sum:

(1—=MNA+AB = {xeR": (x,u) < M}(ha(u), hg(u)), forall u e ™'}
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LP-Minkowski sum:

(1—=MNA+AB = {xeR": (x,u) < M}(ha(u), hg(u)), forall u e ™'}

(1-A)-At+ph-B={x €R": (x,u) < M}(ha(u), hg(u)), forall ue S"'}.

Foreveryp>gq, (1—A)-A+pA-BD(1—A)-A+4A-B.
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Boérdczky, Lutwak, Yang and Zhang conjectured the following:

Conjecture (log-Brunn-Minkowski inequality (2012))
Let A,B C R" be symmetric convex sets and let A € [0,1]. Then,

|(1—2)-A+oh-B| > |A"B[".

Theorem (Bordczky, Lutwak, Yang and Zhang (2012))

The log-Brunn-Minkowski conjecture holds in R?.

Theorem (Saroglou (2014))
The log-Brunn-Minkowski conjecture holds in R" in the unconditional

case.
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Theorem (Saroglou (2015+))

The log-Brunn-Minkowski inequality for Lebesgue measure is
equivalent to the log-Brunn-Minkowski inequality for symmetric
log-concave measure.
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Theorem (Saroglou (2015+))

The log-Brunn-Minkowski inequality for Lebesgue measure is
equivalent to the log-Brunn-Minkowski inequality for symmetric
log-concave measure.

As the result, the inequality
u((1=1)- Aol B) > u(A)'u(B)*

holds for symmetric log-concave measure u and symmetric convex
sets A, Bin R?; and for unconditional log-concave measure u and
unconditional convex sets A, B in R".
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Theorem (Livshyts, M., Nayar, Zvavitch (2015+))

@ Letu be a measure on R? with an even log-concave density.
Then u satisfies the Brunn-Minkowski inequality in the class of
symmetric convex sets in R?.

@ Let u be an unconditional log-concave measure on R". Then u
satisfies the Brunn-Minkowski inequality in the class of
unconditional convex sets in R".
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Proof:
Let p € (0,1).

1—A A
u((1—1)A+AB) = y((1—p)1_pA+ppB>
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Proof:
Let p € (0,1).
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Proof:
Letp € (0,1).

A

u((1—1)A+AB) = y((1—p)]j2A+ppB>

- s(o (1730) 0 (39)
()7

(1 —P)'A+OP~B>




Proof:
Letp e (0,1).

W((1-WA+AB) = u (1—p)jﬁA+pB>

(

(-9 (5
(7
N < 1-p p




Proof:

W(1-1)A+2B) > [(1‘”)1_‘)(")1”#«1—p)-A+op.B)

1-p P
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Proof:




Proof:

u((1—1)A+AB)

\%
1
7~ N\
ik
AR
N———

|
hej
N\
T >
N———
T
—_
=N

[

2

>

+

o

S

L

Optimizing in p € (0, 1), i.e. taking

hu(B)'/"
(1= W)u(A) 7+ hu(B) /7

p:
yields
u((1=N)A+AB)!/" > (1= M)u(A)"/" + Au(B)'/".
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As a consequence:

Theorem (Livshyts, M., Nayar, Zvavitch)

The inequality
Ta((1=A)A+AB)"" > (1 = M)¥a(A)"/" +Ayn(B)/”

holds when:

@ A, B C R? are symmetric convex sets in the plane,

@ A,B C R" are unconditional convex sets in R".
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Theorem (Livshyts, M., Nayar, Zvavitch)

@ Letu be a measure on R? with an even log-concave density.
Then u satisfies the Brunn-Minkowski inequality in the class of
symmetric convex sets in R?.

@ Let u be an unconditional log-concave measure on R". Then u
satisfies the Brunn-Minkowski inequality in the class of
unconditional convex sets in R".

© Let u be an unconditional product measure with decreasing
density. Then u satisfies the Brunn-Minkowski inequality in the
class of unconditional convex sets in R".
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Theorem (Livshyts, M., Nayar, Zvavitch)

Fix A,p € (0,1). Suppose that m, f, g are unconditional decreasing

non-negative functions and let u be an unconditional product measure
with decreasing density on R".
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Theorem (Livshyts, M., Nayar, Zvavitch)

Fix A,p € (0,1). Suppose that m, f, g are unconditional decreasing
non-negative functions and let u be an unconditional product measure
with decreasing density on R". Assume that for any x,y € R" we have

m((1=A)x+1y) > f(x)""Pg(y)”.
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Theorem (Livshyts, M., Nayar, Zvavitch)

Fix A,p € (0,1). Suppose that m, f, g are unconditional decreasing
non-negative functions and let u be an unconditional product measure
with decreasing density on R". Assume that for any x,y € R" we have

m((1 =A)x+4y) > f(x)'Pg(y)”.
Then

/mwz

(22)" Y] (fran) ™ (fom)
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IV. Functional versions of the Brunn-Minkowski inequality

Theorem (Prékopa-Leindler inequality)

Let\ € [0,1] and f,g,h: R" — [0, +c0) be measurable functions. If
the inequality

h((1 = W)x+1y) = 1(x)' g(y)*
holds for every x € supp(f),y € supp(g), then

[r=(]7)" (/)
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IV. Functional versions of the Brunn-Minkowski inequality

Theorem (Prékopa-Leindler inequality)

Let\ € [0,1] and f,g,h: R" — [0, +c0) be measurable functions. If
the inequality

h((1 = W)x+1y) = 1(x)' g(y)*
holds for every x € supp(f),y € supp(g), then

1A A
Joe ()" (/)"
— (Almost) Yields the Brunn-Minkowski inequality by taking indicator
of sets (f =14, g =15, h=1(1_3)a+18)-
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Theorem (Borell-Brascamp-Lieb inequality)
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Theorem (Borell-Brascamp-Lieb inequality)

Lety>—1,1e[0,1] and f,g,h: R" — [0,4cc) be measurable
functions. If the inequality

h((1 = M)x +1Ay) > My(£(x),9(y))

holds for every x € supp(f),y € supp(g), then

JE (/’/g>
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Theorem (Borell-Brascamp-Lieb inequality)

Lety>—1,1e[0,1] and f,g,h: R" — [0,4cc) be measurable
functions. If the inequality

h((1 = M)x +1Ay) > My(£(x),9(y))

holds for every x € supp(f),y € supp(g), then

JE (/’/g>

— (Exactly) Yields the Brunn-Minkowski inequality by taking indicator
of sets and Y = —+oo.
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Theorem (geometric Prékopa-Leindler inequality)
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Theorem (geometric Prékopa-Leindler inequality)

LetA € [0,1] and f,g,h: [0,+0o0)" — [0, +o0) be measurable
functions. If the inequality

h(x" 1Y) > 1(x)"g(y)*

holds for every x,y € [0,+o0)", then

1—A A
b () ()
[0,4-0)" [0,4-0)" [0,4-00)"
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Theorem (geometric Prékopa-Leindler inequality)

LetA € [0,1] and f,g,h: [0,+0o0)" — [0, +o0) be measurable
functions. If the inequality

h(x" 1Y) > 1(x)"g(y)*

holds for every x,y € [0,+o0)", then

1—A A
b () ()
[0,4-0)" [0,4-0)" [0,4-00)"
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Theorem (nonlinear extension of the Brunn-Minkowski inequality)
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Theorem (nonlinear extension of the Brunn-Minkowski inequality)

Letp=(p1,---,pn) €[0,1]", 7> —(X1yp; )", A €[0,1], and
f,g,h:[0,+)" — [0,+00) be measurable functions. If the inequality

h(My (x,y)) = My(f(x),9(¥))

holds for every x € supp(f),y € supp(g), then

h>My, / f, / >
/[o,+oo)" — T ELe 1( [0,+e0)" [0,+oo)”g
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Theorem (Borell inequality (1974))
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Theorem (Borell inequality (1974))

Letf,g,h: R" — [0,+4c0) be measurable functions. Let

¢ =(@1,...,0n) : supp(f) x supp(g) — R" be a continuously
differentiable function with positive partial derivatives, such that
Ox(X,y) = Ok(Xk, yi) for every x = (x1,...,Xn) € supp(f),
y=(¥1,---,¥n) €supp(g). Let ® : [0,+o0) x [0,+o0) — [0,+) be a
continuous function, homogeneous of degree 1 and increasing in each
variable. If the inequality

d d
h(9(x. Y )My (a‘Pp+a‘ﬁn) > S0P 9() M=)

holds for every x € supp(f), for every y € supp(g), for every
P1,-.-,Pn > 0 and for everymy,...,Mn > 0, then

[n=o([1]5).

Arnaud Marsiglietti




[Sketch of proof]

By induction on the dimension (the inequality tensorizes). To prove the
inequality in dimension 1, we use a mass transportation technique:
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We may assume that [f= [ g =1, and that f, g are compactly
supported positive Lipschitz functions.

Arnaud Marsiglietti



[Sketch of proof]

By induction on the dimension (the inequality tensorizes). To prove the
inequality in dimension 1, we use a mass transportation technique:

We may assume that [f= [ g =1, and that f, g are compactly
supported positive Lipschitz functions. Thus there exists a
non-decreasing map T : supp(f) — supp(g) such that for every

x € supp(f),
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Hence one has,

/ hz)dz > / oy 1006 T() (g‘)‘(’ + g‘yp T’(x)) dx
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Hence one has,

/ hz)dz > / oy 1006 T() (g‘)‘(’ + g‘yp T’(x)) dx

[ e(rx),a(TO) T/ (0)dx
supp(f)

Y
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Hence one has,

9 00 _,
ez = [ w52+ 52700 ) ax
> / S (F(x), o(T(x)) T'(x))dx

supp(f)

_ / O (f(x), F(x))dx.




Hence one has,
ez = [ w52+ 52700 ) ax
~ Jsupp(f) ox  dy

> /Supp(f)¢(f(x),g(r(x)>r'(x))dx
_ / O((x), f(x))dx

Using homogeneity of @, one deduces that

/h>¢11/f(x <//>
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Recall that:

Theorem (Saroglou (2014))
The log-Brunn-Minkowski conjecture holds in R" in the unconditional

case.

Arnaud Marsiglietti



Recall that:

Theorem (Saroglou (2014))
The log-Brunn-Minkowski conjecture holds in R" in the unconditional

case.

Saroglou’s proof tells us that the geometric prekopa-Leindler inequality
implies the log-Brunn-Minkowski inequality for unconditional sets.

geometric-PL —> log-BM for unconditional sets
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The log-BM for convex measures:
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The log-BM for convex measures:

Conjecture (M. (2015))

Letp € [0,1]. Let u be a symmetric measure in R" that has an
al-concave density function, with o, > —%. Then for every symmetric
convex set A, B C R" and for every A € [0,1],

#(1=2)-A+ph-B) > M?;",H;)” ((A), u(B)).
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The log-BM for convex measures:

Conjecture (M. (2015))

Letp € [0,1]. Let u be a symmetric measure in R" that has an
al-concave density function, with o, > —%. Then for every symmetric
convex set A, B C R" and for every A € [0,1],

u((1=A)-A+,1-B) > Mz“%+é),1

(u(A), u(B)).

Recall that

(1-1)-A+ph-B={x €R": (x,u) < M}(ha(u), hg(u)), forall ue S"'}.

If o or pis equal to 0, then (n/p+1/a) " is defined by continuity and
is equal to 0. The log-Brunn-Minkowski conjecture is obtained by
taking u to be Lebesgue measure and p = 0.
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Theorem (M. 20++)

If the log-Brunn-Minkowski inequality for Lebesgue measure holds
then the inequality

p((1=2)-A+pA-B) > ( +1)” 1(u(A),u(B)).

holds for every symmetric measure u that has an o.-concave density
function, with ot > — and for all symmetric convex sets A,B C R" .
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Summary:

BM — PL (Folk.)
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Summary:
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Summary:
BM — PL (Folk.)
=—> geometric-PL (Ball 1988)
— log-BM for unconditional sets (Saroglou 2014)
— gaussian-BM unconditional (Livshyts, M., Nayar, Zvavitch 2015-
—

M3 0A) + [ X0 = ref QU + | xPan(x)

for unconditional sets A C R” such that y,(A) = ¥(rB5).
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Summary:
BM — PL (Folk.)
=—> geometric-PL (Ball 1988)
— log-BM for unconditional sets (Saroglou 2014)
— gaussian-BM unconditional (Livshyts, M., Nayar, Zvavitch 2015-
=

M3 0A) + [ X0 = ref QU + | xPan(x)
2
for unconditional sets A C R” such that y,(A) = ¥(rB5).

Conclusion: In the unconditional case, the Brunn-Minkowski inequality
is very strong!
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Summary:

In the symmetric case, the log-Brunn-Minkowski inequality is very
strong!
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Summary:
In the symmetric case, the log-Brunn-Minkowski inequality is very
strong!

log-BM = gaussian-BM (Livshyts, M., Nayar, Zvavitch 2015+)
= EA)+ [ IxPdn(0 = iy (B)+ [ ()
)

for symmetric sets A C R” such that y,(A) = Yn(rB5).
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Summary:
In the symmetric case, the log-Brunn-Minkowski inequality is very
strong!

log-BM = gaussian-BM (Livshyts, M., Nayar, Zvavitch 2015+)
= EA)+ [ IxPdn(0 = iy (B)+ [ ()
)

for symmetric sets A C R” such that y,(A) = Yn(rB5).
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Conjecture (1)
The inequality

|(1=2)-A+od-B > |A" 8"

holds for every symmetric convex set A,B C R", n > 3.
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Conjecture (1)

The inequality

(1=2)-A+ok-B| > A" "B/
holds for every symmetric convex set A,B C R", n > 3.

Conjecture (2)

The inequality

¥a((1 = A)A+AB)" > (1 = M)ya(A) "+ Ayn(B) /"

holds for every symmetric convex set A,B C R", n > 3.
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Conjecture (1)

The inequality

(1=2)-A+ok-B| > A" "B/
holds for every symmetric convex set A,B C R", n > 3.
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The inequality

¥a((1 = A)A+AB)" > (1 = M)ya(A) "+ Ayn(B) /"
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Conjecture (3)
The inequality

M A+ [ () = i 0B + [ IxPana(x)

holds for every symmetric convex set A C R", n > 3, such that
Yn(A) = Vn(rB3).
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holds for every symmetric convex set A C R", n > 3, such that
Yn(A) = Vn(rB3).
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Thank you for your attention !!!
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